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We present a construction of an induced cycle in the n-dimensional hypercube I[n] (n >_ 2), 
and a subgroup ~ n  of I[n] considered as the group Z~, such that IJ~n [<_ 16 and the induced cycle 
uses exactly one element of every coset of fin.  This proves that for any n >_ 2 the vertices of I[n] 
can be covered using at most 16 vertex-disjoint induced cycles. 

1. Introduction 

Given a pos i t ive  in teger  d, let  I[d] be the  d -d imens iona l  cube (also cal led 
hype rcube )  i.e. the  g raph  wi th  all  d - tup les  of b i n a r y  digi ts  as vert ices,  and  all 
pai rs  of ver t ices  differing at  exac t ly  one coo rd ina t e  as edges. I t  wil l  be convenient  
to  t h ink  of the  set of ver t ices  of I[d] as the  set of e lements  of the  group Z d = (E /2Z)  d 
wi th  the  ope ra t i on  (9 of  componen twise  a d d i t i o n  m o d  2. Thus ,  when we refer to  
I[d], we assume t h a t  i t  has  b o t h  a s t ruc tu re  of a g raph  and a s t ruc tu re  of a group.  

A snake is an  induced  cycle in I[d]. For  each d > 2 ,  let  S(d) denote  the  length  
of the  longest  snake in I[d]. A n  extens ive  l i t e r a tu r e  has evolved concerning  the  
p r o b l e m  of e s t ima t i ng  S(d). See [1], [3], [5], and  the  references in these  papers .  
W h a t  we know now is t h a t  

7 7 2 d < s ( d ) < 2  d - l -  2d-1  
256 - -- 20d - 41 '  

a s suming  t h a t  d_> 12 in t he  u p p e r  bound .  The  lower b o u n d  was proved by  A b b o t t  
and  Ka tcha l sk i  [2] and  the  u p p e r  b o u n d  by  Snevi ly  [4]. 

Dur ing  the  X X I I I  Sou thea s t e rn  In t e rna t i ona l  Conference,  Boca  R a t o n  1992, 
ErdSs  posed  the  p rob l em of dec id ing  whe the r  there  is a n u m b e r  k such t h a t  for 
every d _> 2 the  ver t ices  of I[d] can be  covered using at  most  k snakes, and  if the  
answer  to  the  above  p r o b l e m  is pos i t ive ,  then  whe the r  i t  can be done in such a 
way t h a t  t he  snakes are pa i rwise  ver tex-d is jo in t .  In  th is  note  we show t h a t  the  
answer to  b o t h  of the  above ques t ions  is pos i t ive  wi th  k = 16. Ac tua l ly ,  we prove 
the  following theo rem,  which is a s t ronger  resul t .  
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T h e o r e m  1. For every n >_ 2, there is a subgroup fin C l[n] and a snake Cn C I[n] 
such that [fJnl <-16 and Cn uses exactly one element of  every coset O l i n .  

2. Basic definitions 

Let  ~b0,~bl : l [d  ] --* I[d4-1] be the embeddings  defined by 

r  V d )  = V 1 v 2 . . .  V d i, 

for i = 0 , 1 .  I f  F is a subgraph  of I[d], let F(i)  be the subgraph  of I[d+ 1] ob ta ined  
as the image of F under  the  embedd!ng  ~)i. 

For each d > 2 we define 

(Hd(1),...,Hd(2d),Hd(1)) is 

and 

Hd+l(i ) = { 

where R d : {2 d 4-1, 2 d 4- 2 , . . . ,  

a funct ion Hd: {1,2, ,2 d} --~ V(I[d]) such tha t  H* = �9 "" d 
a Hami l ton ian  cycle in I[d]. We set 

H i = (00, 01, 11, 10, 00), 

(Hd(i)) (~ if 1 < i < 2 d, 

(H d o Rd(i)) (1) if 2 d 4- 1 < i < 2 d§ 

2 d+l  } --+ {1, 2 , . . . ,  2 d} is the order  reversing bijection, 

Rd(i) = 2 d+l  4- 1 -- i: 

In o ther  words, g~+ 1 is obta ined  by tak ing  H~ (~ and H~ (1), removing the  edges 
connect ing their  last vert ices wi th  their  first vertices, joining the first ver tex  of 
H~ (~ wi th  the first ver tex  of H~ (1) and analogously the  last  wi th  the last. 

L e t  us regard I [d+6 ]  as I[d] x I[6], t ha t  is as the d-dimensional  cube I[d] with 
p _ 1 r j  2 d 

each ver tex  being a copy of 116]. Suppose t ha t  d - -  { (v j , . . . ,  vj ) } j = l  is a sequence 
r i  1 of 2 d pa ths  in I[6] such tha t  v i = vj when 1 < i < 2 g - 1 and j = i + 1 or i = 2 d and 

j = 1. Such a sequence will be called a 2d-chain of pa ths  in 116]. We can use Pd 
" 1 . r j  and H*d to cons t ruc t  a cycle Cd+ 6 in I [ d+6 ] .  Let  us take the  j t h  p a t h  (v j , . . .  , , j  ] 

in the  copy of I[6] corresponding to the  ver tex  Hal(j) in lid]; see Figure  1 for the  
case d = 3. 

r~ f rom the i th  copy of I[6] wi th  v/l+1 f rom the ( i + l ) s t  copy Then,  let us join v i 
of I[6] for all i E {1 , . . . ,  2d}, where the indices are unders tood  circularly. Hence we 
h a v e  

Cd+ 6 = ((Hal(l) ,  v~), (Hd(1),  v 2 ) , . . . ,  (Hd(1),  v~l), (gd(2) ,  v~), . . . ,  

(Hd(2) ' r2 . . ,  v l ) , . . . ,  , r~d v 2 ) , .  (gd(2d), (Hd(2 d) v2d ), (Hd(1), vl)) 

I t  is clear t ha t  Cd+6 is a cycle in I [ d + 6 ] ,  we will call it the  cycle generated by H d 
and Pd. We call Pd well separated with  respect  to H d if the  cycle Cd+6 genera ted  
by H d and Pd is an induced cycle. 
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al  

Fig. 1. 

Let ~ be the set of all 12 paths in I[6] that  can be obtained from one of the 
following two paths 

P0 -- (000000, 100000, 110000, 111000) 

q0 = (111000, 111100, 111110, 111111) 

by a cyclic permutat ion of coordinates of every vertex of the path. Let 2) be 
the subgroup of 116] containing all ala2. . .a6 E I[6] such that  the following two 
conditions are satisfied 
(i) a l+aa+a5  is even, and 

(ii) a2+a4+a6 is even. 
Note that  2) is generated by the set of elements of I[6] that  can be obtained from 

101000 by cyclic permutations of the coordinates. Also note that  the elements of 
2) are 000000, six cyclic permutations of 101000, six cyclic permutations of 111100, 
and three cyclic permutations of 110110, so 12)1 = 16. To prove Theorem 1, we will 
define a 2d-chain Pd of paths which is well separated with respect to H d and the 
paths in Pd are elements of ~/. We Will need the following lemma. 

Lemma 1. Every path P E g  uses exactly one element of each coset of 2) in I[6]. 

Proof. Let P E ~3, and let vl,v2 be two vertices of P.  It easy to observe that  if vl 
v2 then vl �9 v2 has an odd number of ones or two consecutive ones (in the cyclic 
order), where | is the operation of the group 116]. Thus, if Vl| ~2) then vl =v2. 

This proves that  P uses at most one element of every coset of 2). Since IPIxI2)l = 
111611, the path P uses exactly one element of every coset of 2), and the proof is 
complete. | 

3. The main result 

Let G =/(2,5 be the graph shown in Figure 2. 
The following lemma is proved in Wojciechowski [5] (Lemma 3). 
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l 

V18 7 

1 'r5 t vs~,..~ 5 

v I .~v~ 6 

1 r3 v3~...~v 3 

Fig. 2. The graph G 

Lemma 2. For every d~_ 2 there is a function ~d:  {1 ,2 , . . . ,  2 d}---+E(G) such that 
(i) i f  1 K i  ( 2 d -  1 and j = i +  1, or else i =  2 d, j = 1, then ~d(i) and ~d(J) have 

exactly one vertex v i in common, such tha t  vi E {a l , . . .  ,a5} for i even, and v i E 
{bl,b2} for i odd, and 

(ii) i f  (Hd(i)~Hd(j)) E E(l[d]) \E(H~) ,  then ~d(i) and ~d(J) are vertex-disjoint. | 

Let q3 be the set of paths  defined in Section 2. The  following lemma will be 
used in the proof  of the main result. 

Lemma 3. For every d ~_ 2 there is a 2d-chain Pd of paths in ][6] such that every 
path in tad belongs to 9~, and Pd is well separated with respect to H d. 

Proof .  Let  G / be the subdivision of G obta ined by subdividing e 1 (1 < k _< 5) with 
2 two new vertices c~ and c 2 in such a way tha t  we get the pa th  (bl,c~,cs and 
e 4 5 b subdividing e~ with two new vertices c 4, c 5, giving rise to the pa th  (ak, k,ck, 2). 

Let c3=ak and ~:V[G']--+V(I[6]) be defined as follows. Set 

{ (b l )  = 000000, 

{ (e{)  = 100000, 

~(c~) = 110000, 

~(c~) = 111000, 

~(c~) = 111100, 

~(c~) = 111110, 

{(b2) = 111111, 
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and if ( ( c ~ ) = a t  ...c~6, then let 

~ ( C ~ )  ----- O ! k . . .  O Z 6 C t l . . .  O!k__l, 

for 2 < k < 5 .  
It  is clear tha t  the function ( defines an embedding of G / into [[6] such that  

the image of the subdivision of any edge of G is an induced pa th  in/[6] .  Let ~d : 
{1,2, . . .  ,2 d} --+ E(G) be a function satisfying conditions (i) and (ii) of Lemma 2. 

Let Pal= {( vl ,  "" " ' V4~12di/Ji=l be a 2d-chain of paths in/[6]  such tha t  (v 1, . . . .  ,v 4) is the 
image under ~ of the subdivision of the edge q~d(i). 

Let Cd+ 6 be the cycle generated by H d and Pal. Since each pair of vertex- 
disjoint edges in G corresponds to a pair of vertex-disjoint paths in Pal, and since 
each pair of edges having exactly one vertex in common corresponds to a pair of 
paths in Pd having exactly one vertex in common, it follows from (i) and (ii) of 
Lemma 2 that  Cd+ 6 is an induced cycle. So Pd is well separated with respect to 
Hd, and the proof is complete. I 

We can now prove our main result. 

P roof  of Theorem 1. Let us assume first that  n >_ 8. Set d = n -  6. Let Pd be a 
2d-chain of paths in /[6] such that  every pa th  in Pd belongs to gl and Pd is well 
separated with respect to Hd, and let Cn be the snake generated by Pd and H d. 
Let 15n be the subgroup of / [h i  defined to be the set of all ( a l ,  a 2 , . . .  , ad, bl, . . . ,  b6) 
I[n] such that  the following conditions are satisfied. 

( i )  a l = a 2  . . . . .  ad=O , 
(ii) bl+b3+b5 is even, and 

(iii) b2 + b4 + b6 is even. 
We will show that  Cn contains exactly one element of every coset of 15n. Since 

ICnl = 4 x 2 d and 115 1 = 16, it is enough to prove that  Cn contains at most one 
element of every coset of 15n. Suppose Wl,W2 E Cn and the cosets of Wl and w2 are 
equal. Then Wl | E 15n. Let Vl E I[6] be the sequence of the last six digits of w], 
and similarly let v2 E/[6] consist of the last six digits of w2. Since Wl e w 2  E 15n, 
the first d digits of Wl are the same as the first d digits of w2, and vl| E~.  Thus 
Vl and v2 are vertices of the same path  in ~3, and so it follows from Lemma 1 that  
Vl=V2. Hence wl =w2,  and the proof of the case n_>8 is complete. 

If 2 < n < 6 ,  then we can take Cn = (000 . . .0 ,100 . . .0 ,110 . . .0 ,010 . . .0 ,000 . . .0 ) ,  
and 8 n  to be the set of all elements of I[n] with first two coordinates equal 0. It  is 
clear that  Cn uses exactly one element of every coset of ~n .  In the remaining case 
n = 7, let C7 = (0000000, 1000000, 1100000, 1110000, 1111000, 0111000, 0011000, 
0001000, 0000000), and let t57 be the set of all elements of / [7]  with the first four 
coordinates being either 0000 or 1010. It  is straightforward to check tha t  in this 
case the conclusion is true as well. Thus the proof is complete. I 

The following corollary gives the answer to the problem of ErdSs. 

Corollary 1. For every n >_ 2 the vertices of I[n I can be covered using at most 16 
pairwise disjoint snakes. 

Proof. Let us take a subgroup 15n and a snake Cn in I[n] such tha t  I~nl _< 16 and 
Cn uses exactly one element of every  coset of 2~n. The family of snakes {Ca | h : 
h E15n} contains 16 vertex-disjoint snakes covering I[n]. I 
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4. Concluding remarks  

Let ko be the smallest integer such that  for every n >_ 2, the cube I[n] can be 
vertex covered by at most ko snakes. Let kl and k2 be defined in a similar way 
taking pairwise vertex-disjoint snakes and pairwise vertex-disjoint snakes of equal 
length, respectively. Set k3 to be the smallest integer such that  for every n > 2 there 
is a subgroup -~n and a snake Cn in I[n] such that  l~nl -< k3 and Cn uses exactly 
one element of every coset of 2)n. As a corollary of Theorem 1 and the upper  bound 
for the length of snakes we get the following theorem. 

Theorem 2. We have 3 _< ko _</gl ~ k2 -~ ~:3 -~ 16 and k2, k3 E {4, 8,16}. 1 

The question of determining the exact values of ko, kl, k2, and k3 remains 
open. I t  might be possible to modify the technique used in this note to improve 
Theorem 2 to make the upper  bound equal 8 or perhaps even 4. The possible 
approach may involve finding a more sophisticated embedding of a subdivision of 
/(2,5 into I[c], where c is a small integer constant (in our proof we used c = 6), or 
else replacing/(2,5 by another graph, perhaps K2,4. 
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